
JOURNAL OF SPACECRAFT AND ROCKETS
Vol. 33, No. 3, May-June 1996

Dynamic Continuum Modeling of Truss-Type Space Structures
Using Spectral Elements

Usik Lee* and Joonkeim
Inha University, Inchon 402-751, Republic of Korea

A new continuum modeling approach is developed by utilizing the spectral element method to represent a
large periodic truss-type beam as an equivalent continuum extended Timoshenko beam model. First, the transfer
matrix for a representative truss cell of the periodic truss-type beam is numerically derived by condensing the global
dynamic stiffness matrix by use of the continuum degrees of freedom introduced. The global dynamic stiffness
matrix is obtained by assembling the spectrally formulated dynamic stiffness matrices for the structural elements
within the truss cell. Next, the transfer matrix for an equivalent continuum beam element is analytically derived so
that the unknown equivalent structural properties are contained in the transfer matrix. The two transfer matrices
are then forced to be equal to each other to determine the equivalent structural properties of the continuum
beam model. The equivalent structural properties and vibration characteristics of a continuum beam model by
the present continuum method are compared with those by other continuum methods to prove that the present
continuum method can give a very reliable continuum model.

Nomenclature
A = cross-sectional area of beam
A(a>) = matrix defined in Eq. (22)
cHj, bij = matrix components defined in Eq. (28)
Cij = coupling structural rigidities
D = nodal displacement vector for the continuum

model
d = nodal displacement vector for the truss cell
E = Young's modulus of elasticity
F = nodal force vector for the continuum model
/ = nodal force vector for the truss cell
G .= shear modulus of elasticity
H = thickness of truss cell; see Fig. 4
/ = second moment of area of beam cross section
k = dynamic stiffness matrix of beam element
kb = wave number of beam
kr = wave number of rod
L = total length of beam
/ = length of beam element
M, Fz = bending moments
N, Fx = axial forces
g, Fy - transverse shear forces
Td, TJ = matrices defined in Eq. (16)
u, U = axial displacements
v, V = transverse displacements
X, Y = quantities defined in Eq. (.12)
y = state vector; see Eq. (23)
Z(o>) = global dynamic stiffness matrix
a, ft, y = quantities defined in Eq. (8)
9, @ = rotational displacements
pA, pi, pR = structural inertia properties defined in Eq. (21)
&(co) = transition matrix; see Eq. (25)
a) = circular frequency, rad/s

Subscripts

l,r = quantities at the left and right of beam element
ETB = extended Timoshenko beam
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truss = truss-type beam
1, 2, 3,4 = quantities at node numbers of 1, 2, 3 and 4

Superscript
= spectral components

Introduction

T RUSS-type large space structures (LSS) have been proposed
with dimensions of many kilometers. Such structures (often

called lattice structures) will be designed to be composed of iden-
tically constructed cell units, which are connected end-to-end to
form a spatially periodic array. Structural and dynamic characteris-
tics of the LSS must be predicted accurately during the initial design
phase since they cannot be tested full scale in their operational en-
vironments prior to flight. Conventional finite element analysis of
the LSS may require a significant amount of storage capacity and
computing time to obtain reliable solutions because of its high struc-
tural flexibility and large size, especially in the dynamic analysis.
Thus special techniques to cope with the large number of elements
and nodes within such large truss-type structures are desired. For-
tunately, most LSS have been expected to operate at relatively low
frequencies. To perform that task most efficiently in this environ-
ment, many investigators have adopted the continuum modeling
approach, which is known to provide very promising and practi-
cal solution method especially when the wavelength of a vibration
mode spans many repeating cells of a truss-type structure.1

In the continuum modeling approach, a periodic truss-type struc-
ture is transformed into an equivalent continuum structural model
by determining the equivalent structural properties of the continuum
model from the appropriate relationship between the geometric and
material properties of the truss-type structure and continuum mod-
els. Because there can be numerous concepts and ways to deter-
mine the equivalent structural properties in terms of the geometric
and material properties of the original periodic truss-type structure,
the continuum modeling approach will not be unique in nature, and
there exist various continuum modeling methods developed in the
past decades. To avoid an excessively long reference list, the reader
is referred to the literature.1"4

The equivalence of the truss-type structure and the continuum
model can be established by requiring that they have the same ki-
netic and strain energies,1 constitutive relations,2 static deformation
characteristics,3 or dispersion curves.4 These continuum modeling
methods may have their own shortcomings from the viewpoint of
accuracy, versatility, or ease of use. Thus, recently a new continuum
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modeling, approach based on the concept of energy equivalence,
has been developed, in wjiich the finite element matrices for the
structural elements within a representative truss cell are utilized for
easy calculation of the kinetic and strain energies contained within
the truss cell.5"7

The finite element based on continuum modeling method has
proven quite easy to use and provides very reliable continuum mod-
els compared to other existing continuum modeling methods. Be-
cause of the approximation inherent in the conventional finite ele-
ment formulation, however, the continuum model derived from the
finite element matrices still will not be perfectly accurate. Thus,
a more accurate and easy-to-use continuum modeling method is
still desirable and in some sense mandatory. Hence, the objective
of this study is to introduce a new continuum modeling method by
requiring that a periodic truss-type beam and its equivalent contin-
uum structural model take the same spectrally formulated transfer
matrix.

Characteristics of Spectral Element
Doyle8 introduced the spectral element to investigate wave prop-

agation in structures. In contrast to the conventional finite element,
the spectral element treats the mass distribution exactly and, there-
fore, dynamic behavior within each structural element is treated
exactly. In this section, how a spectral formulation for a dynamic
finite element of a beam can exactly model the distributed mass will
be discussed.

The spectral formulation begins with the equations of motion of
the beam including the inertia term as

(1)
The general solution of Eq. (1) can be given by the spectral repre-
sentation of

(2)

The spectral components vn must satisfy

(3)

This has the simple solution

vn = Ae~iknX + Be'***
(4)

where kn is the wave number. Certainly vn is dependent on the fre-
quency con. For a uniform beam element shown in Fig. 1, the dynamic
stiffness matrix can be set up by first relating the coefficients A, B,
C, and D to the nodal displacements in the form

{A, B., C, D}T = [G]{i;i, 0lt v2, (5)
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After substitution of Eq. (5) into Eq. (4), the nodal forces are
obtained by differention of Eq. (4) and then can be arranged to give
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or, simply,

{/} = »]{«}

associated with the following definitions:

oti = (cos khl sinh khl + sin kbl cosh khl)

x(W)3/(l — cos kbl cosh kbl)

a2 = (sinkbl -h sinhkhl)(khl)3/(l — cos kbl cosh kbl)

fa = (—cos kbl sinh kbl + sin kbl cosh khl)

x (khl) /(I- cos kbl cosh khl)

fa = (-sinkbl 4- sinhkhl)(khl)/(l - cos kbl cosh kbl)

Yi = (-coskhlcoshkbl)(kbl)2/(l — cos kbl cosh khl)

(l - cos kbl coshkbl)

(7)

(8)

The overbar superscript used in the preceding equations, which indi-
cates the spectral components of the nodal displacements and forces,
will be omitted for brevity in the following. The dynamic stiffness
matrix [k] can be numerically assembled in a completely analogous
way to that used for the conventional finite element formulation.
That is, the spectral elements can be assembled into the global sys-
tem via the do loop over all frequency components as

F = KU (9)

where K is the global dynamic stiffness matrix and F are the global
nodal forces. The nodal forces are obtained by converting the time
inputs to their spectrum through the use of fast Fourier transform
(FFT). If the global nodal displacements U is solved for each fre-
quency a)n, then its dynamic behavior can be now reconstructed
simply by using the inverse FFT. This is the overall procedure of
the spectral formulation proposed by Doyle.8

Table 1 Comparison between the natural frequencies (rad/s) of a
plane lattice structure by conventional FEM and SFEM

Fig. 1 Nodal forces and degrees of freedom for a uniform beam ele-
ment.

Number of finite elements used
Conventional FEM

Modes
1
2
3
4
5
6
7
8
9
10
15
20
25
30
35

40

322.70
775.66
963.37
991.95
1145.5
1247.9
1313.8
1397.1
1418.5
1609.7
1961.3
2353.2
2578.0
3824.9
4532.2

80
321.20
754.21
919.75
932.23
983.49
1047.3
1140.4
1176.8
1235.5
1250.9
1394.4
1553.3
1875.2
2205.3
2548.3

120
321.11
753.06
917.20
929.37
979.05
1042.0
1133.5
1171.0
1226.3
1242.5
1382.1
1537.3
1856.6
2188.9
2527.7

160

321.10
752.85
916.75
928.86
978.25
1041.0
1132.2
1169.9
1224.6
1240.9
1379.6
1534.0
1851.7
2184.7
2522.4

SFEM
40

321.09
752.74
916.51
928.59
977.87
1040.5
1131.6
1169.4
1223.8
1240.1
1378.5
1532.4
1849.3
2182.4
2519.6
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Modes

E = 7.71xl010N/m2

P = 2.77x10'kg/m3

A = 80.0x10 'm2

L = 9.00 m

5th 6th

v,, Q3

0 2 4 6
Frequency (in 103 rad/s)

Fig. 2 Resonance spectra of an axial bar: analytical solution (ASOL),
SFEM, and FEM using n finite elements [FEM(n)].

a)
txxxxxxxxxxi

E-20.6xlOION/m2

A - 8xlO'3m2

I - 7x10 6m4

P - 7800 kg/m3

Fig. 3 Plane truss structure with 10 bays: a) original structure and b)
representative truss cell.

To show the superior accuracy of the spectral finite element
formulation in comparison with the conventional finite element
formulation, two examples are investigated. Figure 2 first shows
a comparison of the resonance spectra of an axial bar. The exact
analytical resonances are compared with those by spectral finite
element method (SFEM) and conventional finite element method
(FEM). Only one finite element is used for SFEM, whereas n finite
elements are used for FEM. It is obvious from Fig. 2 that SFEM
yields exact resonances, whereas FEM approaches SFEM with an
increasing number of finite elements used. Table 1 shows a compar-
ison of the natural frequencies by SFEM and FEM for the plane lat-
tice structure as shown in Fig. 3. The plane lattice structure consists
of 40 beam elements. Table 1 also shows that the FEM converges
to the SFEM as the number of finite elements used in the analysis
increases.

Spectrally Formulated Transfer Matrix
for a Truss Cell

In the preceding section, the spectral element is shown to be su-
perior to the conventional finite element in respect to accuracy. In
the spectral element method, as discussed in the preceding section,
the dynamic stiffness matrix for a structural element (called the
spectral element) is spectrally formulated to satisfy the boundary
conditions specified by the nodal displacements and forces at its
two end nodes. The spectrally formulated dynamic stiffness ma-
trices for each structural element can be assembled as is done in
the conventional finite element method. Since the spectral element
treats the mass distribution exactly in contrast to the conventional
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Fig. 4 Continuum representation of a) representative truss cell and b)
its equivalent continuum ETB model.

finite element, the spectral element instead of the conventional fi-
nite element can be recommended for use in the continuum mod-
eling process to improve the accuracy of the continuum structural
model.

As an example, a periodic truss-type beam will be considered in
this study. A representative truss cell, which is isolated from the
original truss-type beam, will be transformed into an equivalent
continuum extended Timoshenko beam (ETB) element,5 as shown
in Fig. 4. The spectrally formulated dynamic stiffness matrices for
the structural elements within a representative truss cell will depend
on how the structural elements are assembled at the joints. If the
structural elements within a truss cell are clamped at the joints, each
structural element can be considered as the spectral beam element,8
and thus the nodal forces vector/ and the nodal displacements vector
d for the truss cell can be defined as

di = [u\ v\ 0\ HI v2 92}T

dr = [u3 v3 03 u4 v4 04}T

i = {Ni Qi Ml N2 Q2 M2}T

= {N3 Q3 M3 N4 Q4 M4}T

(10)

where uh vh and #/ are the axial, transverse, and rotational nodal
displacements at each node, respectively. Nt, Qt, and M/ represent
axial and transverse shear nodal forces, and the bending nodal mo-
ment, respectively. The subscripts / and r indicate the properties
specified at the nodes on the left and right sections of the truss cell,
as shown in Fig. 4. If the structural elements are pin joined at the
joints, then each structural element can be considered as the spectral
rod (or axial bar) element8 and, accordingly, the rotational displace-
ments and corresponding bending moments should be removed from
Eqs. (10).

The spectrally formulated dynamic stiffness matrix fora spectral
beam element of length / with two end nodes i and j can be derived as

Ni
Qt
Mi EI_

/3

X 0 0 Y 0 0 '
Oil Y2l 0 —«2 Xl/

f r l 2 0 -n/ ft/2

X 0 0
symmetric ot\ —yd

U[

(11)
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where

X = ̂ ^cosW

Y = -

kr =

sinA;r/
/3A kr (12)

I sinkrl

In Eq. (11), at, fa', K, and kb are defined as in Eqs. (8). For the spec-
tral rod element, the dynamic stiffness matrix of Eq. (11) should be
reduced to the 2 x 2 matrix retaining only the terms X and Y.

The spectrally formulated dynamic stiffness matrices derived for
all structural elements within a truss cell can now be assembled in
a completely analogous way to that used in the conventional finite
element formulation to form a global dynamic stiffness matrix Z(o))
in the form

\Ztt(a)} z<r(
[Zrl(a>) Z,r( (13)

where Zi; (co) indicate the submatrices of Z(co).
Now, assume that the equivalent continuum ETB element is lo-

cated at the centerline of the representative truss cell and place the
nodal forces and displacements, F and Z>, at the two ends of the
continuum ETB element, as shown in Fig. 4b. The nodal forces
and displacements are named the continuum degrees of freedom in
Ref. 5. The continuum degrees of freedom F and D are defined as

V2 ®2}T

Fn
 F«}T>

(14)

The nodal forces vector/ and nodal displacements vector d for
the truss cell can be linearly approximated in terms of the continuum
degrees of freedom as

{ jrr "I r rft ~\ I f

\ = \ f I IM L r /JU
where

1 0 0 1 0 0 '
0 1 0 0 1 0

-H/2 0 1 H/2 0 1
(16)

where H is shown in Fig 4a. For the case of a pin-joined truss cell,
the matrix Tj (or Td) should be simplified by removing the third
and sixth columns of it. Substituting Eqs. (15) into Eq. (13) yields

Fr Tf _ZH Z^ TdDr

\ZU Z / r"|J/>,
[zrl Zrr\\Dr

(17)

Equation (17) can be rewritten into the form of input-to-output re-
lation as

Ij

\\

A

(18)

where 3>truss (co) is the transfer matrix for the representative truss
cell Note that the sign convention for F/ of Eq. (17) is that used

universally in finite element analysis, and thus it should be changed
to follow the sign convention for the mechanics of materials, as is
done in Eq. (18).

Transfer Matrix for an ETB Element
A representative truss cell will be transformed into an equivalent

continuum ETB element. The dynamic equations of motion for the
continuum ETB model are as follows5:

32«
'A9^
dM

320__, dfi
dx ^dt2

32u
(19)

with the force-displacement relations

E A Cn C13'
Ci2 GA C23

Ci3 C23 £/

W'

v'-0 \ (20)
0'

In Eqs. (19), p is the mass density per unit volume of the continuum
ETB element and pA, pR, and pi are the inertia properties defined
as

pA= I p d z , pR= pzdz, pi = pz2dz (21)
Jz Jz Jz

Assuming harmonic solutions, Eqs. (19) can be represented by
the state equation as

where

and

y = {«, v, e, N, Q, M}T

(22)

(23)

0
0
0

— pAco2

0
-pRco2

0
0
0
0

—pAo)2

0

0
1
0

",EA
Ci2

_.Ci3

-p/to2 0
0 0

-plco2 0

CU

GA
C23

0
0

-1

C13"
C23

El

-1

0
0
0

(24)

Now, it is easy to derive the transition or transfer matrix &(QJ) for
the continuum ETB element from Eq. (22) as follows:

(25)

where / is the length of the continuum ETB element, which is equal
to the length of a representative truss cell.

Derivation of Equivalent Structural Properties
The transfer matrices formulated for the representative truss cell

and the continuum ETB element are required to be same for the
derivation of the equivalent structural properties of the continuum
ETB model. That is,

Thus the matrix A(a>) of Eq. (24), which contains all equivalent
structural properties of the continuum ETB model, can be readily
represented in term of 3>truss from Eqs. (25) and (26) as

(27)
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The transfer matrix 3>tniss for a representative truss cell should be
numerically calculated from Eq. (18). Many numerical tests show
that the right side of Eq. (27) certainly takes the same form as the
matrix A (co) of Eq. (24), that is,

(28)

-
0 0 0
0 0 1
0 0 0

'bn 0 bl3~

0 bn 0
_bl3 0 b33_

_
«11 #12 «13

a\2 a>22 #23
&13 Cl23 #33

-1~

0 0 0
0 0 0
0 -1 0

In the matrix of Eq. (28), a// and fyj are calculated by taking the
natural logarithmic function of $ truss and then dividing the result
by /. The equivalent structural properties are now determined by
comparing the matrix components of A(o>) of Eq. (24) with the
matrix components of Eq. (28) as follows:

El =

= 012,

pA = -bn/a)2,

=013,

pi = -

El = a33

= 023

pR = -bu/

(29)

Note that the equivalent inertia properties for the present continuum
ETB model may depend on the frequency, as can be seen from
Eqs. (29).

Illustrative Example and Discussion
As an example, a periodic truss-type beam model shown in Fig. 5

will be considered for the continuum representation. The geometric
and material properties of the truss-type beam are also given in
Fig. 5. Every structural element within the truss-type beam will
be considered to be clamped at the joints. Thus the spectral beam
element is adopted herein to calculate the global dynamic stiffness
matrix Z(co) of Eq. (13).

a)
JXIXIXI>OXIXIXM>̂ <MXIXIXIXIXI>̂ <̂ <R|

b)

T
1m

i
E = 20.6xl6loN/m2

A / = Arf= Av= 8xlO-3m2

p = 7800 kg/m3

Fig. 5 Example of periodic truss beam with 20 bays: a) original struc-
ture and b) representative truss cell.

The equivalent structural properties of the continuum ETB model
obtained from Eqs. (29) are illustrated in Fig. 6. The equivalent
structural properties are found to be slightly dependent on frequency
but become physically meaningless at the frequency near the first
resonance (co = 1700 rad/s) of the structural elements within the
truss cell. This shows that a continuum structural model will be valid
only in the frequency region below the lowest resonant frequency
of the truss-type structure.

In Table 2, the natural frequencies of the periodic truss-type beam
with 20 repeating cells are compared for various analysis methods.
The spectral element analysis8 is proved to provide exact natural
frequencies by showing that the natural frequencies obtained by the
conventional finite element analysis gradually get closer to those
derived by the spectral element analysis as the number of finite el-
ements within a structural element increases. Comparing with the
exact natural frequencies of the periodic truss-type beam obtained
by the spectral element analysis, Table 2 certainly shows that the
present continuum method (based on the spectral element formu-
lation), in general, gives improved results in comparison with the
previous continuum method of Ref. 5 (based on the conventional
finite element formulation). The present continuum method is also
shown to give very competitive results compared with the continuum
method of Ref. 4 in which the dispersion curves are used. Especially
for the fundamental bending vibration modes at which most LSS
are expected to operate, the present continuum method is found to
give sufficiently accurate natural frequencies.
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Fig. 6 Equivalent structural properties of the continuum ETB model.

Table 2 Comparison of the natural frequencies for the periodic truss-type beam

Continuum modeling analysis
Finite element analysis

Natural One finite Two finite
frequency, rad/s element elements

o>i(b)*
ui(b)
a*(b)
a)4(a)
<»s(b}
Q)6(b)
o>7 (a)
**(*)
<*>&)

81.245
214.05
397.58
516.23
618.69
866.55
989.00
1131.1
1401.0

81.225
213.69
395.29
510.86
610.01
841.52
931.36
1068.9
1183.6

Spectral finite
element analysis

(exact)

81.223
213.66
395.13
510.48
609.37
839.74
927.95
1064.7

^1173.9

Spectral element
based (present)

81.249
213.74
395.48
544.99
610.74
844.17
1047.2
1077.8
1287.7

Finite element
based (Ref. 5)

80.581
211.20
390.26
550.15
604.57
844.37
1100.3
1102.3
1373.2

Dispersion
curves based

(Ref. 4)

81.060
213.30
395.90
514.20
615.90
863.30
991.80
1130.4
1411.7

1656.0 1265.8 1254.0 1412.6 1653.3 1680.3
a(«) and (b) indicate the axial and bending vibration modes, respectively.
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Concluding Remarks
By use of the spectral element, a new continuum modeling method

is introduced for the large truss-type periodic space structures that
are expected to operate at relatively low-frequency vibration modes.
Before adopting the spectral element in the continuum modeling
procedure, the inherent accuracy of the spectral element is discussed
in comparison with the conventional finite element, which has been
used previously in a continuum modeling method. In this new con-
tinuum modeling method, the equivalent structural properties of
a continuum model are derived by requiring that a representative
cell of the original space structure and its equivalent continuum
model have the same spectrally formulated transfer matrix. The
spectrally formulated transfer matrix is reduced from the global
dynamic stiffness matrix, which is obtained by assembling the el-
ement dynamic stiffness matrix of each spectral elements within
a representative cell. The equivalent structural properties and vi-
bration characteristics of a continuum ETB model by the present
continuum method are compared with the results by other exist-
ing continuum methods. It is found that the present continuum
method gives very reliable results compared to other continuum
methods.
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